We performed nonlinear dielectric spectroscopy to study the dynamic properties near the smectic-A -smectic-C ␣ * phase transition point of an antiferroelectric liquid crystal 4-͑1-methyl-heptyloxycarbonyl͒phenyl 4-octylcarbonyloxybiphenyl-4-carboxylate ͑MHPOCBC͒. A Landau-type theory was developed in order to analyze the experimentally obtained frequency dispersions. From the experimental and theoretical results we successfully obtained the temperature dependence of the relaxation frequency of the soft mode in both the smectic-A and smectic-C ␣ * phases, which gave direct evidence that the transition is brought about by soft mode condensation. Significant features of this transition are also discussed.
be formed by condensation of the soft mode located at a general point of the smectic Brillouin zone in the Sm-A phase. In general, the observation of the soft mode is quite important in elucidating the mechanism of phase transitions. In the Sm-A -Sm-C* phase transition the soft mode has been observed by means of dielectric and photon correlation spectroscopies ͓5,6͔. However, for the Sm-A -Sm-C ␣ * phase transition it is difficult as will be explained later.
Here, let us briefly explain the collective orientational modes related to the present study. They are illustrated in Fig. 1 . In the Sm-A phase, the soft mode is a helically tilting mode with a short pitch corresponding to the structure of the Sm-C ␣ * phase. Its condensation brings about the Sm-A -Sm-C ␣ * phase transition. In addition to this, we have a homogeneously tilting mode, called the ferroelectric mode, which induces macroscopic polarization due to the electroclinic effect. Therefore, this mode can be directly excited by an electric field. The ferroelectric mode becomes the soft mode in the case of the Sm-A -Sm-C* phase transition ͑strictly speaking, the soft mode is not exactly located at the smectic Brillouin zone center, but close to the zone center to produce a long-period helix in the Sm-C* phase͒. These modes modify the dielectric tensor or the indicatrix, as shown at the bottom of the figure. In particular, the soft mode modifies the birefringence, but it should be noted that the birefringence change is proportional to the square of the amplitude of the soft mode ͑the tilt angle͒. In the Sm-C ␣ * phase, on the other hand, the doubly degenerate soft mode in the Sm-A phase changes into an amplitude mode and a phase mode. The amplitude mode modifies the tilt angle, while the phase mode ͑the Goldstone mode͒ modifies the azimuthal angle, i.e., the spatially homogeneous rotation of molecules around the layer normal. The amplitude mode becomes soft as the transition point is approached in the Sm-C ␣ * phase, while the relaxation frequency of the phase mode is always zero. The ferroelectric mode still exists in the Sm-C ␣ * phase, which produces macroscopic polarization as in the Sm-A phase. Note that the dielectric tensor can be modified both by the amplitude mode and the ferroelectric mode, but not by the phase mode. In particular, the birefringence change is proportional to the amplitude of the amplitude mode ͑the change of the tilt angle͒. This is different from the change for the soft mode in the Sm-A phase and easily understood as follows. From symmetry considerations the birefringence change ⌬n a may be proportional to the square of the amplitude of the soft mode ͑the tilt angle͒, , in the Sm-A phase, i.e., ⌬n a ϰ 2 . In the Sm-C ␣ * phase the spontaneous tilt s appears and therefore ⌬n a ϰ( s ϩ⌬) 2 Ӏ s 2 ϩ2 s ⌬ for small ⌬, where ⌬ is the amplitude of the amplitude mode.
Since the soft mode related to the Sm-A -Sm-C ␣ * phase transition is located at a general point in the smectic Brillouin zone, it is difficult to observe it experimentally. In the Sm-C ␣ * phase, however, the soft mode changes into an amplitude mode and a phase mode, located at the Brillouin zone center, and the change of the birefringence due to the amplitude mode is proportional to s ⌬. Therefore, the amplitude mode can be observed. In fact, it has been observed by means of second-order electro-optical spectroscopy ͓7͔. In the electro-optic response the nonlinear coupling between the soft mode and the ferroelectric mode plays an important role as will be shown in Sec. II. When we apply an electric field, first the ferroelectric mode is excited and then the soft mode through the nonlinear coupling. As a result, from symmetry considerations it is easily seen that the amplitude mode is excited as ⌬ϰE 2 , where E is the applied field, resulting in the Kerr effect. Although the observation of the soft mode is difficult in the Sm-A phase, it is not entirely impossible if we notice large soft mode fluctuations near the transition point in the Sm-A phase. It was reported that especially in the Sm-A -Sm-C ␣ * phase transition quite large pretransitional fluctuations were observed by means of heat capacity ͓8͔, birefringence ͓9͔, and layer compression modulus measurements ͓10͔. We have also observed them by electro-optical ͓11͔ and third-order nonlinear dielectric measurements ͓12͔. The responses increased remarkably in intensity as the transition point was approach in the Sm-A phase. Theoretically, the second-order electro-optical and the third-order nonlinear dielectric responses are both proportional to the susceptibility of the amplitude mode ͓13͔. In particular for the third-order nonlinear dielectric response, we have developed a theory under a dc field taking into account the pretransitional fluctuations to explain the experimental results ͓12͔. The anomalous increase of intensity originates in the development of fluctuating large Sm-C ␣ * phase domains near the transition point. These facts indicate that even in the Sm-A phase we may observe the frequency dispersion in the third-order nonlinear dielectric response induced by the fluctuations in order to obtain the relaxation frequency of the soft mode. Quite recently, Orihara et al. ͓14͔ performed third-order nonlinear dielectric spectroscopy and succeeded in observing the soft mode condensation in the Sm-A phase.
The amplitude mode in the Sm-C ␣ * phase can also be observed by third-order dielectric spectroscopy. In this paper, we will present the complete results for the dynamic properties of the soft ͑amplitude͒ mode near the transition point in both the Sm-A and Sm-C ␣ * phases studied by means of linear and third-order nonlinear dielectric spectroscopy. In the next section, we develop a phenomenological theory and give the expressions for the linear and third-order nonlinear dielectric constants. The experimental procedures are described in the third section. In Sec. IV we present the experimental results and discuss them on the basis of the theory. Section V is devoted to conclusions.
II. THEORY
In this section, we will present the Landau theory to analyze and explain the experimental results of third-order nonlinear dielectric spectroscopy in the Sm-C ␣ * phase. As mentioned earlier, in the Sm-A phase, we had to include fluctuations to develop a theory, but in the Sm-C ␣ * phase the soft mode can be excited by an external electric field without fluctuations as will be seen later. On the other hand, in the Sm-C ␣ * phase we need to include the sixth-order terms in the free energy to explain the temperature dependence of the third-order dielectric strength.
First, we define the order parameter in the jth smectic layer as ជ j ϭ( jx , jy )ϭ(n jy n jz ,Ϫn jx n jz ), where n ជ j ϭ(n jx ,n jy ,n jz ) is the director in the jth smectic layer and the z axis is set to be along the layer normal. It is obvious that ជ j is always parallel or antiparallel to the polarization. When we apply an electric field parallel to the smectic layer, we need to consider two kinds of liquid crystal molecular motion, a spatially homogeneous tilt, i.e., the ferroelectric mode ( f x , f y ), and a helicoidal tilt, i.e., the soft mode ( 1 , 2 ) related to the Sm-A -Sm-C ␣ * phase transition, which is the primary order parameter in our case. With these modes we can express ជ j as ͓7͔ jx ϭ f x ϩ 1 cos q c jdϪ 2 sin q c jd, ͑1a͒
jy ϭ f y ϩ 1 sin q c jdϩ 2 cos q c jd, ͑1b͒
where q c is the wave number of the helicoidal structure and d the layer spacing. The ferroelectric mode located at the Brillouin zone center is directly excited by the applied field through the piezoelectric coupling between the ferroelectric mode and the polarization, which contributes to the linear dielectric response. In the nonlinear third-order dielectric response, on the other hand, the nonlinear coupling between the nonpolar soft mode and the ferroelectric mode plays an essential role, as well as the coupling between the soft mode and the applied field through the dielectric anisotropy. Taking these couplings into account, we can expand the free energy f under an applied electric field as
where a is the dielectric anisotropy at low frequencies and f the dielectric susceptibility without the coupling between the polarization and ferroelectric order parameter. The term represents the nonlinear biquadratic coupling between the ferroelectric and soft modes. The coefficient a is assumed to be linearly dependent on the temperature and becomes zero at the Sm-A -Sm-C ␣ * transition point. f is the piezoelectric constant. Equilibrium conditions for the ferroelectric
For convenience, we consider the case where the applied field is along the x axis. Substituting Eq. ͑3a͒ into Eq. ͑2͒, we obtain
where
We have dropped f y because it cannot be excited by the field E x . In the Sm-C ␣ * phase, 1 and 2 may be changed by the applied field through nonlinear coupling and dielectric anisotropy. Without loss of generality we can put
where s is the spontaneous value, and the field-induced parts ⌬ 1 and ⌬ 2 represent the amplitude mode and the phase mode ͑the Goldstone mode͒, respectively. From the equilibrium condition under no field in the Sm-C ␣ * phase,
Substituting Eq. ͑5͒ into Eq. ͑4͒, we obtain the free energy for the amplitude mode up to second order in the Sm-C ␣ * phase:
where ã ϭaϩ3b s 2 ϩ5c s 4 and ã f ϭa f ϩ s 2 , and f 0 is a constant independent of the amplitude and phase modes. We have omitted the higher-order terms, which contribute nothing to the third-order nonlinear dielectric response. Note that the above free energy does not include ⌬ 2 , indicating that the relaxation frequency of the phase mode should be zero because it is the Goldstone mode, and it cannot be excited by an applied field. However, the relaxation frequency of the amplitude mode ⌬ 1 is finite and can be excited through linear-quadratic couplings between the soft and ferroelectric modes and between the soft mode and the applied electric field, which come from the biquadratic couplings in the Sm-A phase. They play an important role in the third-order dielectric response as does the fourth-order term of the ferroelectric mode in the free energy, as shown below.
Next, we calculate the complex linear and nonlinear thirdorder dielectric constants under an ac field. From the above free energy we have the following Landau-Khalatnikov equation:
where we have assumed that the viscosity coefficient ␥ for the soft mode should be the same as the one for the ferroelectric mode. Solving the above set of equations by the perturbation method with respect to E 0 under an ac field with frequency and amplitude E 0 , i.e., E x ϭE 0 cos t ϭE 0 ͓exp(it)ϩc.c.͔/2, we get up to third order
where f () and s () are, respectively, the linear susceptibilities of the ferroelectric mode and the soft mode. From Eqs. ͑9a͒, ͑10a͒, and ͑10b͒ it is clearly seen that the amplitude mode can be excited through linear-quadratic couplings, is proportional to the square of the electric field in strength, and oscillates with the frequencies 0 and 2. Note that ⌬ 1 is proportional to s and so the amplitude mode cannot be excited in the Sm-A phase without thermal fluctuations, as will be described later. The first term in Eq. ͑9b͒ contributes to the linear dielectric response. On the other hand, the second term contributes to the third-order dielectric response, which consists of two terms; the first one comes from the amplitude mode and the second one from the nonlinearity of the ferroelectric mode because it contains b f . The polarization produced by the ferroelectric mode, f x , is obtained by substituting Eq. ͑9b͒ into the first term in Eq. ͑3a͒ as
In addition to the above polarization due to the ferroelectric mode, we have to take into account the field-induced dipole of each molecule which comes from the dielectric anisotropy. The dielectric constant along the x axis is expressed as
where Ќ is the dielectric constant perpendicular to the molecules. Therefore, we have the dielectric displacement due to the induced dipole of each molecule:
͑14͒
Thus, we have the total dielectric displacement as
The last term in Eq. ͑16b͒ comes from the fourth-order term with respect to f x in the free energy ͑7͒, i.e., the nonlinearity of the ferroelectric mode, which is well known in the nonlinear dielectric response ͓13͔; it always exists irrespective of the fluctuations and the sign depends on b f . On the other hand, the first term originates in the amplitude mode and is proportional to the linear susceptibility of the amplitude mode for 2, s (2).
III. EXPERIMENT
The sample used in the present experiment was 4-͑1-methyl-heptyloxycarbonyl͒phenyl 4-octylcarbonyloxybiphenyl-4-carboxylate ͑MHPOCBC͒, the phase sequence of which is cryst-Sm-I A * -Sm-C A * -Sm-C ␣ * -Sm-A -iso ͓15͔. In comparison with MHPOBC generally used in the study of the Sm-C ␣ * phase, MHPOCBC has the merits that the Sm-C ␣ * phase exists in quite a wide temperature interval, and the soft mode inducing the Sm-A -Sm-C ␣ * phase transition and the ferroelectric soft mode are relatively different in relaxation frequency, as will be shown. The sample was introduced into a cell with indium tin oxide electrodes and polyimide layers in the isotropic phase and cooled down slowly to the Sm-A phase. The thickness was about 25 m and the area of electrodes was 4ϫ4 mm 2 . There is no measurement system commercially available for nonlinear dielectric spectroscopy. For our purpose, to study the dynamics in antiferroelectric liquid crystals, we have made a measurement system, the schematic of which is shown in Fig. 2 . We used a charge amplifier and a vector signal analyzer with an oscillator ͑HP89410͒. A sinusoidal electric field was applied to the sample by the oscillator, and the output signal from the charge amplifier, which is proportional to the electric displacement in the sample, was analyzed with the vector signal analyzer to obtain the amplitudes and phases of the linear and third-order dielectric responses. The oscillator used in the measurements had higher-order harmonics and so their contributions were subtracted in the analyses. The cell was mounted in a hot stage ͑Instec HS1͒ and the temperature was controlled with an accuracy of 0.005°C. The frequency dispersions were measured from 100 Hz to 1 MHz at stabilized temperatures in the cooling process. In the present experiment we performed nonlinear dielectric spectroscopy also in the Sm-A phase, where the third-order dielectric response exists only in a very narrow temperature range near the transition point. Therefore, we performed the measurements with a step of 0.02°C.
In general, when a cosine electric field EϭE 0 cos t is applied to the sample, the electric displacement D can be expressed in terms of linear and nonlinear dielectric constants as
where we have assumed that the sample is nonpolar, i.e., for reasons of symmetry the even-order terms with respect to the field strength disappear. In the above expression, 1 () is the linear dielectric constant and the other coefficients are nonlinear dielectric constants. In the present experiments we measured the linear dielectric constant 1 () and the thirdorder dielectric constant 3 (,,). From this equation it is clear that in the actual measurements it is necessary to check the linearity between the nth-order response D n and E 0 n when we would like to obtain n (, . . . ,). Otherwise, the higher-order contributions are included and the correct value cannot be obtained.
IV. RESULTS AND DISCUSSION
First, we show in Fig. 3 the dependences of the complex electric displacements D n on E 0 n at 102.1°C just below the Sm-A -Sm-C ␣ * phase transition point to check the linearity of the dielectric response. Here D 1 and D 3 are the first-and the third-order harmonics of D, i.e., the coefficients of exp(it) and exp(3it), respectively. In the measured electric field range, it was confirmed that both the real and imaginary parts of the electric displacements D n have linear relations with the electric field E 0 n , indicating that there is no contribution from the higher-order terms and we can correctly measure 1 () and 3 (,,) from the slope. When we measured the temperature dependence of dielectric dispersions we applied only one value of field strength, which was determined to be 0.292 V/m from Fig. 3 and is indicated by arrows therein. Figure 4 shows the temperature dependences of the real parts of the linear and third-order dielectric constants measured at 1 kHz. Both the linear and third-order dielectric constants have peaks around the transition point, but their peak positions do not coincide. Therefore, we determined the Sm-A -Sm-C ␣ * phase transition point from the inflection point in the temperature dependence of the birefringence. Precise measurements of the birefringence have been made by Skarabot et al. and they observed a sudden change of the slope at the transition point ͓2͔. As a result of the simultaneous dielectric and birefringence measurements, it has been clarified that the peak temperature of the linear dielectric constant corresponds to the transition temperature (102.26°C) as shown in Fig. 4 . The details of the simulta- neous measurements will be reported elsewhere ͓16͔.
The linear dielectric constant increases gradually in the Sm-A phase as the transition point is approached, and takes a maximum, and then it decreases in the Sm-C ␣ * phase, as has been reported by Isozaki et al. ͓15͔ . From Eqs. ͑16a͒ and ͑11a͒, which are also valid in the Sm-A phase when we put s ϭ0 ͓14͔, it is easily seen that the linear dielectric constant has a linear relationship to the susceptibility of the ferroelectric mode, f (). Therefore, this gradual increase with decreasing temperature in the Sm-A phase indicates the partial softening of the ferroelectric mode. This will be made clearer by the temperature dependence of its relaxation frequency as shown later. In the third-order dielectric response, on the other hand, the temperature dependence is more complicated. At high temperatures far from the transition point in the Sm-A phase the real part is negative and increases with decreasing temperature, and then it becomes zero above the transition point and changes sign to positive. In the vicinity of the transition point it increases steeply and has a peak below the transition temperature in the Sm-C ␣ * phase, and then it decreases with decreasing temperature. The steep increase of the third-order dielectric response near the transition point in the Sm-A phase has been explained by a theory that takes into account the pretransitional fluctuations ͓12͔. However, it can be roughly explained by Eq. ͑16b͒, if we replace s 2 by its thermal average. In Eq. ͑16b͒ there are two contributions to the third-order dielectric constant; one comes from the soft mode and the other from the fourthorder term with respect to f x in Eq. ͑7͒. The former is positive and proportional to the mean square fluctuation for this case and so it takes positive large values near the transition point because of the pretransitional fluctuations, while the sign of the latter depends on the coefficient b f , which is considered to be positive since 3 is negative far from the transition point where the fluctuations are negligibly small. These facts can also explain the sign inversion of the thirdorder dielectric constant in the Sm-A phase.
We show the temperature dependence of the frequency dispersion of 3 Љ(), which is defined as ϪIm( 3 ), in the vicinity of the Sm-A -Sm-C ␣ * phase transition point in Fig. 5 , where the temperature step is 0.02°C. We can clearly see the softening of the soft mode in both the Sm-A and Sm-C ␣ * phases and the peak frequency has a minimum at about 102.26°C ͑the corresponding dispersion curve is shown by a bold line͒, which corresponds to the peak temperature of the linear dielectric constant. The actual relaxation frequency should be obtained by a least-squares fit using the formula derived theoretically. Figure 6 shows the typical frequency dispersions of the linear dielectric constant 1 and the third-order dielectric constant 3 in the Sm-A phase (102.30°C). It is seen from Fig. 6͑a͒ that only the ferroelectric mode is involved in the linear dielectric constant in the measured frequency region. The increase of dielectric constant at low frequency should be due to ionic conduction. In our analysis, therefore, we modified Eq. ͑16a͒ to
where the last term has been added to take the conductivity into account, and f ϭ␥/(a f ϩ s 2 ) is the relaxation time of the ferroelectric mode, ϱ is the dielectric constant at the high-frequency limit, ⌬ f is the dielectric strength, and ␤ f and ␦ are distribution parameters. The fit result using the least-squares method is shown by solid lines in Fig. 6͑a͒ . A good agreement was obtained. The distribution parameter ␤ f was almost 1. In the third-order dielectric response shown in Fig. 6͑b͒ , on the other hand, the frequency dispersion is quite different from that of the linear one. Orihara et al. FIG. 6. Typical frequency dispersions of ͑a͒ 1 () and ͑b͒ 3 (,,) obtained in the Sm-A phase (102.30°C). The solid lines represent the best fit results with Eq. ͑18͒ and Eq. ͑21͒ for the linear and the third-order nonlinear dielectric dispersions, respectively. In ͑b͒, the broken line is the best fit with the distribution parameter ␤.
where C is a constant and s is the relaxation frequency of the soft mode. When the above equation was derived it was assumed that not only the soft mode located at q c in the smectic Brillouin zone but also the modes around q c contribute to the third-order dielectric response and the soft mode branch has a parabolic dispersion around q c . Therefore, g(i s ) has a wide distribution of relaxation times. We used the following formula for the fitting of 3 in the Sm-A phase:
͑21͒
Since the contribution from the dielectric anisotropy term A s1 in our present experiment was small, we fixed it to be zero to obtain better stability in the fitting process. The solid lines in Fig. 6͑b͒ represent the best fit with the above formula, where we fixed f to be the same value determined from 1 . At low frequencies the agreement between the theory and the experiment is not good. This is improved by introducing ␤ in Eq. ͑21͒; by replacing i s by (i s ) ␤ s . The parameter ␤ s causes a distribution of relaxation frequency as in the Cole-Cole function 1/͓1ϩ(i s ) ␤ ͔. The fit result is shown by the broken lines in Fig. 6͑b͒ . The agreement becomes much better. This result indicates that we need another distribution, although the function g(i s ) itself has a distribution as described above. The discrepancy may originate from the temperature distribution in the sample. However, we have to mention another possibility, that in principle g(i s ) should have a broader distribution since we have used a few assumptions such as the Gaussian approximation and the parabolic dispersion in deriving Eq. ͑21͒. The origin is not yet clear. In addition, it was seen that s strongly depends on ␤ s . Therefore, we used g(i s ) without ␤ s when we analyzed the data to obtain the relaxation frequency of the soft mode. Here, it should be noted that even if we introduce ␤ s the deviation from the data remains at very low frequencies. This may be due to the ionic conductivity or another mode in the low-frequency region, which has been observed also by electro-optical measurement in the Sm-C ␣ * phase ͓7͔.
Next, we show the typical frequency dispersions in the Sm-C ␣ * phase in Fig. 7 . In the linear dielectric response ͑a͒, only the ferroelectric mode is observed as in the Sm-A phase and is well fitted by using Eq. ͑18͒. The dispersion curve of the third-order dielectric response is shown in Fig. 7͑b͒ .
From Eqs. ͑16b͒, ͑11a͒, ͑11b͒, ͑10a͒, and ͑10b͒, it is easily seen that the expression for 3 in the SmC ␣ * for the fitting is given by 3 ͑ ,, ͒ϭ 1
where s ϭ␥/(aϩ3b s 2 ϩ5c s 4 ) is the relaxation time of the soft mode ͑the amplitude mode͒ and a distribution parameter ␤ s has been introduced. Note that Eq. ͑22͒ is obtained from Eq. ͑21͒ by replacing g(i s ) by 1/͓1ϩ(i2 s ) ␤ s ͔. The fitting procedure in the Sm-C ␣ * phase was the same as that in the Sm-A phase. The solid line in Fig. 7͑b͒ is a theoretical curve and a good agreement is obtained between the experiment and the theory. Figure 8 shows the temperature dependences of the relaxation frequencies of the ferroelectric mode and the soft mode, f r, f ϭ(2 f ) Ϫ1 and f r,s ϭ(2 s ) Ϫ1 , obtained from the fitting. In the Sm-A phase the relaxation frequency of the soft mode, f r,s , decreases as the transition point is approached and becomes almost zero at the transition point, namely, soft mode condensation takes place, and in the Sm-C ␣ * phase the relaxation frequency of the soft mode ͑the amplitude mode͒ increases with decreasing temperature. The Curie-Weiss law holds for these modes. Thus, the soft mode ͑the amplitude mode͒ has been observed in the vicinity of the Sm-A -Sm-C ␣ * phase transition point. For the ferroelectric FIG. 7 . Typical frequency dispersions of ͑a͒ 1 () and ͑b͒ 3 (,,) obtained at 101.82°C in the Sm-C ␣ * phase. The solid lines represent the best fit results with Eq. ͑18͒ and Eq. ͑22͒ for the linear and third-order nonlinear dielectric dispersions, respectively. mode, on the other hand, partial softening is seen in the Sm-A phase. This fact and the relation f ϭ␥/(a f ϩ s 2 ) with s ϭ0 indicate that a f should decrease as the temperature is decreased. In the Sm-C ␣ * phase the relaxation frequency increases, indicating that should be positive. Here, it should be noted that the slope of the soft mode (146 kHz/°C) in the Sm-C ␣ * phase is about four times larger than that in the Sm-A phase (34 kHz/°C). This result indicates that the Sm-A -Sm-C ␣ * phase transition should be close to the tricritical point, where the fourth-order coefficient in the Landau expansion vanishes and the slope ratio becomes 4 ͓17͔, as has been pointed out by Š karabot et al. ͓2͔ . In addition, the slopes of the soft and ferroelectric modes in the Sm-A phase are almost the same; the latter is 38 kHz/°C. This result was assumed in our previous paper when we discussed the validity of a discrete model proposed by Sun et al. ͓18͔ to explain the dynamics of phase transitions in antiferroelectric liquid crystals. In the model the transitions to tilted phases from the Sm-A phase are assumed to take place in each layer even without interactions between neighboring layers, leading to the result that the doubly degenerate dispersion branch in the Sm-A phase goes down without changing shape as the temperature is decreased in the Sm-A phase, i.e., the slope of the relaxation frequency vs the temperature measured at any point in the smectic Brillouin zone should be the same. In the present case this means that a f ϭaϩb, where b is a temperature-independent positive constant.
The other parameters obtained from the least-squares fitting are shown in Fig. 9 . It is seen that A f (ϰϪb f ) takes a small negative value independent of the temperature, indicating that the contribution of the fourth-order term of the ferroelectric mode is quite small. In Fig. 9, A s2 2 was plotted instead of A s2 itself since it is the third-order dielectric strength and is proportional to the soft mode strength s (0). Compared with A f , A s2 2 is positive as it should be and becomes large near the transition point. The temperature dependence of A s2 2 is quite similar to that of 3 Ј at 1 kHz shown in Fig. 3 . In the Sm-C ␣ * phase A s2 2 takes a peak value inside, not at the transition point. This behavior cannot be explained by the present theory. From Eqs. ͑16b͒, ͑6͒, and ͑11b͒ it is seen that near the transition point in the Sm-C ␣ * phase A s2
Ϫ1 , where we have put A s1 ( a )ϭ0. Since the Sm-A -Sm-C ␣ * phase transition is of second order, b is positive. When c is positive, A s2 2 should decrease monotonically with decreasing temperature. In this case, it is not possible to explain the increase just below the transition point, but it might be possible by taking into account the nonlinearity and the large fluctuations. Just below the transition point many phase defects, which appear due to the phase mismatch of the order parameter, may be excited. These defects can make an additional contribution to the third-order dielectric constant. On the contrary, when c is negative A s2 2 should increase monotonically. If we regard this increase as the one experimentally observed just below the transition point, the following decrease may be reproduced by introducing higher-order terms in the free energy within the Landau theory without fluctuations, although this is not a plausible explanation. In order to clarify the origin of the anomaly just below the transition point it may be necessary to study the effect of fluctuations in the third-order response in the Sm-C ␣ * phase. The anomaly can also be seen, in the temperature dependence of ␤ s ; as the transition point is approached ␤ s decreases remarkably just below it.
V. CONCLUSIONS
We have performed linear and the third-order nonlinear dielectric spectroscopies in an antiferroelectric liquid crystal 4-͑1-methyl-heptyloxycarbonyl͒phenyl 4-octylcarbonyloxybiphenil-4-carboxylate. A Landau-type theory was developed to analyze the frequency dispersions. By utilizing the theory we have succeeded in obtaining the relaxation frequency of the soft mode ͑the amplitude mode͒ in both the Sm-A and Sm-C ␣ * phases. The relaxation frequency obeys the Curie-Weiss law in both phases and therefore this is direct evidence that the Sm-A -SmC ␣ * phase transition is brought about by the soft mode condensation of an overdamped collective mode. Furthermore, from the slopes of the relaxation frequencies of the soft mode ͑the amplitude mode͒ and the ferroelectric mode, we conclude directly that the Sm-A -SmC ␣ * phase transition is close to a tricritical point, and the discrete model, in which the transitions to tilted phases from the Sm-A phase take place in each layer even without interactions between neighboring layers, is valid. At the end of this paper we would like to emphasize that nonlinear dielectric spectroscopy has the outstanding merit that we can use it to measure the frequency dispersion of nonpolar soft modes, not only in the tilted phases but also in the Sm-A phase if the pretransitional fluctuations are large.
